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This paper presents a new method for building gravity-assisted, interplanetary trajectories. Generally, designing

interplanetary trajectories using multiple gravity-assisted maneuvers is extremely difficult, due to close approaches

to singularities. Numerical implementation faces strong computational instabilities, which often make the solution

unfeasible. Furthermore, related optimization problems usually admit a number of local extrema, thus making the

overall phase space structure too complex for numerical analysis. The proposed method for building interplanetary

trajectories with multiple gravity-assisted maneuvers is based on the concatenation of repeated short sequences of

Keplerian arcs, referred to as blocks. These blocks differ from each other only in inclination. The method is

applicable to any resonant planetary system counting an arbitrary number of planets in circular or elliptical orbits

and allows the assembling of long trajectories otherwise not amenable to computation. The proposed method is

presented along with a number of representative examples.

Nomenclature

a = semimajor axis, km
hp = altitude at periapsis of hyperbolic passage, km
i = inclination angle, rad
J = Jacobi’s integral value, km2=s2

m = number of spacecraft’s semirevolutions
n = number of planet’s semirevolutions
p = semilatus rectum, km
Rpl = equatorial radius of flyby planet, km
r = distance of the secondary massive body from the central

body, km
T = orbital period of spacecraft, s
Tpl = orbital period of planet, s
t = time, s
V = spacecraft’s velocity vector, km=s
Vr = spacecraft’s radial velocity component, km=s
V� = spacecraft’s transversal velocity component, km=s
Vpl = planet’s velocity vector, km=s
Vpl;r = planet’s radial velocity component, km=s
Vpl;� = planet’s transversal velocity component, km=s
V1 = relative velocity vector, km=s
V1 = relative velocity magnitude, km/s
� = deflection angle of relative velocity during flyby, rad
�LON = angle between the line of nodes and planet’s apsidal

line, rad
�AB = relative angle between planet A and planet B, rad
� = gravity constant, km3=s2

�pl = gravity constant of flyby planet, km3=s2

I. Introduction

G RAVITY-ASSISTED maneuvering is a powerful tool that
enables otherwise unaffordable deep space missions. Many

well-known missions such as Voyager [1], Galileo [2], and Cassini
[3] used gravity-assisted trajectories. NASA launched the twin
spacecraft Voyager 1 and Voyager 2 in 1977. This mission was
designed to take advantage of a rare geometric arrangement of the
outer planets, which allowed a four-planet tour for a minimum
propellant and trip time. The formation of Jupiter, Saturn, Uranus,
and Neptune allowed the spacecraft to swing from one planet to the
other using the gravity-assist technique.

Gravity-assisted maneuver (GAM) theory has been studied for
further application in space research. Some recent works about GAM
planning are itemized next.Miller andWeeks [4] studied the simplest
missions with only one GAM. A spacecraft (s/c) uses gravitational
attraction of an intermediate planet to increase the orbital energy and
thus is able to reach the destination planet. The paper describes a
procedure for finding the launch times, intermediate and destination
planet arrivals using Lambert’s theorem and a version of Tisserand’s
criterion to identify the sequence of planets to approach. In [5],
Strange and Longuski proposed a graphic method for solving the
ballistic problems with GAM based on the graphical use of
Tisserand’s criterion, without taking into account the synchroniza-
tion problem. Gravity-assisted trajectories to Jupiter with launch
dates between 1999 and 2031 were identified using patched-conic
techniques [6]. To identify possible transfers, the authors use the
STOUR (Satellite Tour Design Program [7]). The interest was in low
launch energy trajectories with low total �V and with reasonable
time of flight (TOF). Also, for selected cases, the �V-optimal
solutions were found using the Jet Propulsion Laboratory (JPL)
MIDAS (Mission Analysis and Design Software [8]) software
package.

However, the design of multi-GAM trajectories is still very far
from being routine; every such trajectory is custom-made. This is
even more so for trajectories combining GAMs with reactive thrust.
For this reason, all algorithms developed until now are limited to
relatively small numbers of GAMs. This work is intended to improve
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the situation. It proposes a comprehensive, regular class of multi-
GAM trajectories, extensive enough to meet the requirements of a
variety of interplanetary missions. These trajectories contain only
non-coplanar arcs and therefore the transfer angles are k�, where k is
a natural number. This restrictionmay increase the TOF as compared
with the general case. However, this disadvantage is outweighed by
the simplicity of the design of very long multi-GAM trajectories,
otherwise unmanageable.

Design of interplanetary trajectories often deals with Jacobi’s
integral value [9] variation. Generally, the variation can be done in
several ways. One of the preferable options is the use of GAMs. A
standard approach to design amulti-GAM trajectory is to search for a
chain of appropriate orbits, connecting initial and final orbits.
Determination of each new orbit in the chain requires the solution of
two problems: a J variation problem and a synchronization problem.
Synchronous trajectories constitute discrete families, whose
symmetries are hidden in the arithmetic properties of the primaries’
orbital periods. These families are difficult to find and, as a result,
building a trajectory by adding new orbits to the chain is nonintuitive
due to severe constraints imposed by the synchronism conditions.

Generally, it is difficult to separate J variation from
synchronization problems. In the coupled case, the problems must
be solved simultaneously after each GAM. In this paper, a new
method will be presented enabling one to split these two problems.
Initially, the synchronization problem for the system is solved and
the set of appropriate orbits for a chain are obtained. Any orbit from
the set can be placed in the chain. Next, the J-variation problem is
readily solved using orbits from the set, as obtained in the previous
step. It is an approach that makes the process of building the multi-
GAM trajectories manageable and comprehensible. It uses only a
part of available trajectories, namely those non-coplanar with the
plane of primaries’ orbits. However, it provides the rates of J
variation nearly the same as those obtained from numerical solutions
of the coplanar problem. This method is applicable to any elliptic
three-body problem (3BP) as well as resonant four-body problems.

II. Problem Definition

In a restricted circular 3BP, the Jacobian integral remains constant
along a trajectory. Consequently, serial flybys cannot bring the
trajectory outside the five-dimensional hypersurface. A cardinally
different situation is encountered in an elliptical 3BP problem [9] or
in the problem with more than three bodies (N-body problem). Here
the Jacobi integral no longer exists and the trajectory is not attached
to a hypersurface in the phase space.

Consider now theN-body problem, where the primary body is the
sun, there are (N � 2) secondary bodies, the planets, and a massless
spacecraft. A first approximation to finding a multi-GAM trajectory
from a given initial orbit to a given final orbit is to assume that no
more than two bodies’ gravitational forces simultaneously affect the
motion of the spacecraft. This fact allows splitting the problem into
N � 2 subproblems, where each one of the problems is considered as
a 3BP (sun, planet, and s/c). Solutions of these problems can be
patched according to certain rules and provide an approximated
solution of the N-body problem. Still, even after this simplification,
the problem solution remains very complicated.

There is still a lower approximation to solve theN-body problem.
An interplanetary multi-gravity-assist trajectory may be approxi-
mated by a chain of Keplerian arcs, i.e., patched conics [10,11].
In this case, the resulting trajectories are a chain of arcs that start
and end near the planets. Separate arcs are connected obeying a
set of concatenation rules, which must hold on every GAM:
1) preservation of V1, 2) limitation of V1 vector turning angle, and
3) synchronization with the secondary bodies’ orbital motion.

The first rule results from an approximation of J in the 3BP. The
second rule results from a restriction on the minimum altitude above
the flyby planet. The third rule results from the requirement that the
s/c and the next flyby planet will reach the same position at the same
time. All three rules are interlaced, which makes the design process
very difficult, mainly due to the third rule.

There is, however, a well-known type of trajectory, for which the
design process is straightforward: the case of periodic trajectories
[12–14] in the circular four-body problem (C4BP). In this case, after
every synodic year the two planets return to their original relative
positions. Therefore, it is enough to calculate one trajectory
subsequence, with duration equal to any natural number of synodic
years, and same J at start and end of the sequence. Unfortunately, this
requirement makes the use of these trajectories useless for our
purpose. Still, periodic orbits inspired us to look at the possibility of
splitting the J-variation and synchronization problems. This splitting
will enable, as will be shown, to find a straightforward solution to the
problem in any resonant astronomical system. Secondary bodies in
resonance return periodically to the same configuration with respect
to the inertial space. We will use this fact to build multi-GAMs, non-
coplanar trajectories, which will enable J to vary gradually.

Two non-coplanar arcs, with the same semimajor axis,
eccentricity, and transfer angle, have the same transfer time. But, if
the arcs’ inclinations are different, then they will have different J
values. More generally, any variation in inclination inside a chain
produces a variation in J. If the total transfer time is equal to the
period or some integer number of periods of the resonant system,
then the chain can be repeated with a different inclination without
recalculation of the synchronization problem. Variation of a chain
inclination leads to variation in J, but not in transfer time. Using
inclination as a “free parameter” we can vary J until the desired
value. After the J variation, by using GAMs near one of the system’s
planets, the final trajectory can easily be transferred to almost any
orbit with the same J such that it complies with the synchronism

condition.

III. Theoretical Background

A. Characteristics of Non-Coplanar Arcs

All the massive secondary bodies are assumed to be in coplanar
motion. In this case, GAMs can only occur on the line of nodes
(LON) of the non-coplanar arcs. This restricts the transfer angle of
the arcs to k�, where k is a natural number. If k is an even number,
then the arc starts and ends at the same distance from the primary
body, i.e., the arc becomes a closed orbit, as shown in Fig. 1. If k is an
odd number, then the initial and final distances are defined by the
orbital radii of the chosen pair of secondary bodies about the primary
body, r1 and r2 as shown in Fig. 2 for the elliptical 3BP (E3BP) and
C4BP. The semilatus rectum of all possible arcs [11] is

p� 2r1r2
c

(1)

where c� r1 � r2. From Eq. (1), it also follows that the transversal
velocities are

V�;j �
�����������������������
2��c � rj�

crj

s
(2)

where j� 1, 2,� is the gravitational constant of the primary body. In
addition, radial velocities at both ends of an odd arc are equal in

LON

p

1r

2r

Even Arc 

Odd Arc 

Fig. 1 Odd and even arcs.
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amplitude but opposite in direction. The radial velocity amplitude at
both ends of the arc is given by,

Vr �

����������������������
�

�
2

c
� 1

a

�s
(3)

Note that contrary to the transversal component, the radial velocity
does not need to be the same for all arcs with given ends. It depends
on the semimajor axis, which is free. This free parameter will be used
next to synchronize the s/c and the secondary bodies.

B. Concatenation of Non-Coplanar Arcs

Aswas previously stated, a chain ofKeplerian arcs approximates a
ballistic multi-GAM trajectory. These arcs are linked together
according to certain rules. The first rule says two arcs should have
equal J. Herein, modulus of the relative velocity,

V2
1 � �V � Vpl� � �V � Vpl� � V � V � 2V � Vpl � Vpl � Vpl (4)

can unambiguously replace J.
The spacecraft’s and planet’s velocity vectors can be obtained by

summing the velocity components at their corresponding perifocal
frames [15] (see Fig. 3), V � Vr � V�, Vpl � Vpl;r � Vpl;�. Thus
Eq. (4) transforms into

V2
1 � �Vr � Vpl;r�2 � V2

� � V2
pl;� � 2V�Vpl;� cos i (5)

If the planet’s orbit is circular, then Vpl;r � 0, Vpl;� � Vpl, and

V2
1 � V2

r � V2
� � V2

pl � 2V�Vpl cos i (6)

During each GAM, the magnitude of the relative velocity remains
constant (rule 1), however, its direction can change. For a given value
of relative velocity magnitude,

V �1 � V�1 � V2
1 cos � (7)

where the “�” and “�” superscripts indicate values before and after
the GAM, respectively. The left-hand expression of Eq. (7) can be
rewritten in the form of

V�1 � V�1 � V2
pl;r � V2

pl;� � V�r V�r � V�� V�� cos�i

� Vpl;r

�
V�r � V�r

�
� Vpl;�

�
V�� cos i� � V�� cos i�

�
(8)

where�i≜ i� � i�. The right-hand expression of Eq. (7) is written
as

V2
1 cos �� 1

2

h�
V�1

�
2 �

�
V�1

�
2
i
� 2V2

1sin
2
�

2
(9)

Equalizing Eqs. (8) and (9), we obtain

4V2
1sin

2
�

2
��V2

r ��V2
� � 4V�� V

�
� sin

2
�i

2
(10)

where �Vr ≜ V�r � V�r and �V� ≜ V�� � V�� . Now, the only
parameter, which controls the deflection �, is the flyby altitude given
by [11],

sin
�

2
� 1

1� �Rpl � hp�V2
1=�pl

(11)

To obtain the flyby altitude as function of the velocity and inclination
change during the GAM, we substitute Eq. (10) into Eq. (11). The
result is

hp �
�pl

V2
1

�
2V1

�
�V2

r ��V2
� � 4V�� V

�
� sin

2
�i

2

��1=2
� 1

�
� Rpl

(12)

Therefore, two arcs can be patched if hp > hm, where hm is the
minimal allowed flyby altitude above the planet (rule 2).

C. Synchronism Conditions

In general terms, a synchronism condition establishes a coupling
between the angular size of an arc and the respective flight time. Let
us denote thefirst, the second, etc., planets, respectively, byA,B, etc.
Their orbital planes are assumed to coincide. Any sequence of these
symbols defines a sequence of GAMs, i.e., an itinerary. A two-term
itinerary is an arc. The {AA}- and {AB}-type arcs are, respectively,
recursive and transitional. Analogously, an itinerary is recursive if it
starts and ends near the same planet, otherwise it is transitional.

According to Lambert’s theorem, flight time over any arc is

tk � kT �
T

2�
��� � sin�� � �� � sin��	 (13)

2r

LON

planet

SC

X

Z

1r

Y

Z

SC
LON

Y
2r

1r
planet

planet
X

a) b)

Fig. 2 Geometry of odd arcs in the a) E3BP and b) C4BP.
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Fig. 3 Velocity diagram at GAM.
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Here � and � are defined by

r1 � r2 � c� 4asin2��=2�; r1 � r2 � c� 4asin2��=2�

c≜ jr1 � r2j �
�������������������������������������������
r21 � r22 � 2r1r2 cos �

q
(14)

Because only non-coplanar arcs are allowed, the spacecraft passes
the angle ��m� over a recursive trajectory. Meanwhile, the
departure/arrival planet passes the angle n�. Obviously, n � m
(mod2). Feasible flight times are therefore constrained to a discrete
set of values. In particular, the following apply:

1) If n� 2k (even arcs), then r1 � r2, c� 0, and tn � nT=2.
2) If n� 2k� 1 (odd arcs), then c� r1 � r2;
sin��=2� � 


�����������
c=2a

p
, and� � 0. Note that sign “�” corresponds

to the transfers via aphelion (“slow” transfers) and “�” to the
transfer via perihelion (“fast” transfers).
3) If, moreover, the orbit is circular or if it is elliptical and its
ending points are perihelion and aphelion then r1 � r2 � 2a,
��
�, and again tn � nT=2.

Of course, the same is true of every recurrent subitinerary extracted
from the original itinerary.
Generally speaking, a transitional arc does not put any constraint

on the flight time until the starting time and therefore the initial
configuration of the planetary system is fixed. However, the first
arrival at a planet in the itinerary defines a discrete set of recurrence
opportunity times. In otherwords, everyN-term itinerary comprising
M planets may be decomposed intoM � 1 transitive arcs andN �M
recursive trajectories, thus giving rise to N �M synchronism
conditions similar to Eq. (13). The decomposition can be fulfilled in a
variety of ways subject to the connectedness condition of the
corresponding graph [16]. Figure 4 presents a valid decomposition
graph. An arbitrarily picked sample itinerary is
fABACBBCACBAg. Dashed and solid arcs denote transitive and
recursive trajectories, respectively.

However, the decomposition has been done, given the durations of
transitional transfers and the numbers of semirevolutions of planets
over the recursive trajectories, absolute times �i of all GAMs are
immediately available. They should form an increasing sequence. To
satisfy this requirement, a set of simultaneous inequalities should be
satisfied. Otherwise, one can sort �i in increasing order and
correspondingly reorder GAMs in the itinerary. Now, flight times ti
over every arc are ti � �i�1 � �i. A unique trajectory is then defined
by the set of natural numbers mi of the spacecraft’s semirevolutions
supplementedwith the signs �i � “� ” or “�” for fast and slow arcs.
The extended notation of the preceding sample itinerary considered
is

fA�t1; m1; �1�B�t2; m2; �2�A�t3; m3; �3�C . . . C�t9; m9; �9�C�t10; m10; �10�Ag (15)

Now, equations identical to Eqs. (13) and (14) give the sought
synchronism relations if ni are replaced by mi and the orbital
elements (period and eccentricity) are those of the spacecraft over the
arc under consideration. It should be emphasized that an extended
itinerarymight be inconsistent with the concatenation rules. It should
be subject to the consistency proof. Let us consider two particular
cases (E3BP and C4BP) in more detail.

D. Elliptical Three-Body Problem

In this case, all arcs are recursive. As will be later shown, the most
efficient gravity-assist maneuvers take place at the planet’s orbit
apoapsis and periapsis. Consequently, the planet’s transfer angle and
time are n� and nTpl=2, respectively; the spacecraft transfer angle is
m�. Substituting these values into Eq. (13) results in the sought
synchronism equation for the odd arcs (n and m are odd numbers):

�m� 1�T
2

 T

2�
�� � sin�� � �m� 1�T

2


 T

2�

�
sin�1

������
c

2a

r
�

����������������������
c

a

�
2 � c

a

�s �
� n

Tpl
2

(16)

Given the planetary orbit and therefore the radii r1 and r2, Eq. (16)
can be solved once for the entire T=Tpl ratios. All solutions are
presented in thewell-known diagram [17], Fig. 5. The bottom branch
corresponds to zero full revolutions of the spacecraft; every next
(going up) branch adds one full revolution. Particular solutions at
given combinations of n and m can be extracted from the plot. A
trajectory that returns to the starting point in inertial space can be
repeated after an adjustment of inclination for the sake of
equalization of initial and final transversal velocities.

E. Circular Four-Body Problem

The next case is a particular case of recursive itineraries hereafter
called cycles. These are the itineraries fABB . . . BAg, with symbol A
in the first and the last place only and symbol B in the remaining
N � 2 places. All arcs except the first and the last ones are recursive.
The respective flight times are

ti � niTB=2 �i� 2; . . . ; N � 2� (17)

The values of t1 and tN�1 are arbitrary, though coupled by the relation

tN�1 � t1 � nATA=2 (18)

Unlike the E3BP, a cycle in a general C4BP cannot be repeated
because the configuration of the planetary system at the instant of the
last GAM is not the same as at the first GAM. Yet, in a resonant

A B BC CA AB BC A

Fig. 4 Itinerary decomposition graph.
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Fig. 5 Sample root lines of Lambert’s equation (at r1=r2 � 0:818).
Semimajor axes a are normalized to the planet’s semimajor axis t to its

orbital period.

988 PISAREVSKY, KOGAN, AND GUELMAN



planetary system, the repetition is possible if the cycle duration is a
common multiple of orbital periods of the planets. Note that the
sequences f�ig are automatically monotonous in E3BP and C4BP
cycles.

IV. Unidirectional GAM-induced Variation of V1
A. Mapping GAM Sequences

Considering the C4BP, every GAM near the first planet implies a
change in V1;2, the relative velocity near the second planet.
Equivalently aGAMnear the second planet implies a change inV1;1,
the relative velocity near the first planet. In the E3BPwe get the same
picture except for the fact that the GAMs are all relative to the same
planet, albeit in its different locations. Therefore, in both cases,
drawing the line of V1 changes in the �V1;1; V1;2� coordinate
system, every GAM is mapped as a jump in the direction parallel to
one of the coordinate axes. As a result, the chain of arcs looks like a
staircase starting from initial values �V1;1�t0�; V1;2�t0�	 and ending
at final values �V1;1�tf�; V1;2�tf�	 as shown in Fig. 6. Every vertical
or horizontal line in this graph, for example segment AB, is a J
variation during one cycle. We shall now derive the J variation
during one cycle for the C4BP and E3BP.

B. J Variation During One Cycle

Let us consider a cycle in C4BP. The s/c is assumed to start from
planet 1, with initial radial, transversal, and relative velocities, V�r;1,
V��;1, and V

�
1;1, respectively, and inclination angle i�. Similarly X�2 ,

X�2 , and X
�
1 denote, respectively, the quantities at the first approach

to planet 2, at the last departure from it, and at arrival back at planet 1.
According to Secs. III.A and III.B, the participant variables obey the
equation�
V�1;1

�
2 �

�
V�r;1

�
2 �

�
V��;1

�
2 � V2

pl;1 � 2V��;1 � Vpl;1 � cos i� (19)

and similar equations for X�2 , X
�
2 , and X

�
1 . Besides, the following

conditions are valid:

V�r;1 ��V�r;2 � V�r ; V�r;1 ��V�r;2 � V�r (20)

V��;2 �
r1
r2
V��;1; V��;2 �

r1
r2
V��;1 (21)

�
V�1;2

�
2 �

�
V�1;2

�
2 � �V1;2�2 (22)

Equations (19–22) yield

�
V�1;1

�
2 �

�
V�1;1

�
2 �

�
1 �

V�;1Vpl;1

V�;2Vpl;2

�h�
V�r

�
2 �

�
V�r

�
2
i

(23)

Because Vpl;j �
����������
�=rj

p
, the sought formula for J variation during

one cycle in the C4BP is given by�
V�1

�
2 �

�
V�1

�
2

�
V�r

�
2 �

�
V�r

�
2
� 1 �

�
c � r
r

�
3=2

(24)

where r and c � r are the distances from the sun to the first and
second planets, respectively, V
1 are the s/c exchanged velocities
relative to the first planet, and V
r are the s/c radial velocities both at
the start and end of the cycle.

Equation (24) holds in the case of the E3BP as well. Here, as
already indicated, the GAMs occur at the apoapsis and the periapsis
of the planets’ orbit, where V�;j � Vpl;j. In addition, V�;1=V�;2�
r2=r1, due tomomentum conservation. Substituting these values into
Eq. (23) yields the formula for J variation in the E3BP case. Finally
we can write the general equation of J variation during one cycle for
both cases, C4BP and E3BP, as a single equation�

V�1

�
2 �

�
V�1

�
2

�
V�r

�
2 �

�
V�r

�
2
� 1 �

�
c � r
r

�
q

(25)

where q� 3=2 for the C4BP, and q� 2 for the E3BP. In the E3BP,
all relative values to first or second planets are replaced by values
relative to the planet’s orbital apoapsis and periapsis.

Equation (25) unambiguously defines the GAMs strategy for
various mission goals. For example, in the E3BP, variation of the s/c
radial velocity intended to increase J or V1 is �V�r �2 > �V�r �2 at the
periapsis of the planet’s orbit and �V�r �2 < �V�r �2 at the apoapsis, or
vice versa for the opposite goal.

C. Optimal J Variation in Elliptical Three-Body Problem

We shall now show that in the E3BP, the most efficient gravity-
assist maneuvers take place at the planet’s apoapsis and periapsis
where Vpl;r � 0 and Vpl;� � V�. Effectively, substituting these
values of the velocity components into Eq. (8) results in

V2
1 � V2

r � 4V2
� sin

2
i

2
(26)

Equation (26) applied to an arbitrary angle between LON and the
apsidal points of a planet’s orbit gives

V2
1 � �Vr � Vpl;r�2 � 4V2

� sin
2
i

2
(27)

The same considerations as in Sec. IV.B result in�
V�1

�
2 �

�
V�1

�
2 � 4��2r � c��cos i� � cos i�� (28)

The relative velocity increment reaches its maximum value
simultaneously with the distance separating the GAMs points, i.e.,
when the points belong to the planet’s orbit line of apsides. The
increment is zero, when the LON is perpendicular to the apsidal line
(c � 2r).

D. Assembling a Trajectory from Blocks

The major difficulty in designing a long multi-GAM trajectory is
the necessity of solving the synchronization problem after each
GAM. However it is manageable when a planetary system
periodically restores its configuration in inertial space. Obviously, a
single-planet system returns to its initial configuration after every
revolution of the planet. Moreover, examination of a table of orbital
periods in the solar system [18] reveals that many of them are locked
in resonance. The system restores after the minimal common
multiple of periods of participant planets. The sought trajectory of the
spacecraft must be in resonance with the planets. The proposed
method is similar to the design of periodic trajectories, but with a
gradual, monotonous J variation.

If a cycle is feasible, i.e., if it meets all concatenation and
synchronization conditions, then this same cycle simply rotated

V∞,2

V∞,2(tf)

A

B

V∞,1
V∞,2(t0)

V∞,1(tf)V∞,1(t0)

Fig. 6 V1 variation in the C4BP and E3BP.
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about the LON is also feasible. The rotated cycle will provide a
different value of J. Now if the configuration of the secondary bodies
is the same at the end of a cycle as at the beginning, the same cycle
may be repeated with a different inclination. Thus a cycle of out-of-
plane arcs can be used as a block to build long trajectories, in
particular those providing gradual monotonous J variation.
Moreover, single blocks can be built from more than one cycle. If
the total time of a sequence of cycles is a multiple of the resonant
system period then the same sequence can be repeated with a
different inclination, and therefore with a different J.

The E3BP gives a clear example of trajectory building from
blocks. For simplification of the discussion, let us ignore for the
moment the restriction on the maximal deflection angle of V1. Then
any sequence of arcs meeting the synchronism condition can be
combined in a block by linking an arc that returns the values of Tpl=T
and n to their initial values to the end of the sequence. Figure 7 shows
theV1 evolution in a coordinate system introduced in Sec. IV.A. The
planet’s orbit has an eccentricity of 0.1; the semimajor axis and
gravity constant of the primary are normalized to one. The simplest
block A! B! A consists of fast (Vr ��0:12) and slow
(Vr � 0:26) odd arcs. Initial values for V1 are V1;p;0 � 0:25,
V1;a;0 � 0:29. In Fig. 7, the same block is implemented six times to
increase V1.

Figure 7 clearly shows an important trend: the efficiency of the
same block increases for a decreasingV1. This tendency is present in
all classes of blocks. It can be easily derived from Eq. (26). This is
why it is impractical to repeat a single block too many times.
Moreover, sooner or later either the deflection angle of V1 will get
beyond the maximal attainable value (appearing in the case of
increasing J), or the inclination of an arc will vanish (in the case of
decreasing J). Then a block should be replaced with a different one.

V. Representative Examples

A. Mercury Satellite Injection

In this example we consider the final stage of a Mercury mission.
The ellipticity of Mercury’s orbit will be used to decrease the
spacecraft/Mercury relative velocity after the interplanetary transfer.
Figure 8 and Table 1 present an example of the proposed strategy,
when the s/c has already reached Mercury and a multi-GAM
decreasing V1 is needed.

The trajectory starts from the perihelion ofMercury; the initialV1
is 4:7 km=s at the perihelion, the final position is the aphelion of
Mercury’s orbit, and thefinalV1 is 0:83 km=s. The trajectory is built
from two blocks, one repeated twice and the other three times. Each
block contains two odd arcs. Using the notation introduced in
Sec. III.C, the trajectory can be presented as

2fP�0:5T; 1;��A�8:5T; 17;��Pg;
3fP�0:5T; 1;��A�16:5T; 33;��Pg

(29)

HereP and A denote the perihelion and the aphelion of Mercury’s
orbit, andT is its period. Every block is repeated until zero inclination
is reached. These blocks were chosen to minimize the transfer
duration. The blocks have the duration of 9 and 17 Mercury years.
Therefore the total transfer time is 69 Mercury years, that is, about
16.6 Earth years. This long total transfer time is due to low values of
V1 at the final stages of the transfer. It leaves no low-order
synchronisms other than 1:1. Every block is repeated as long as the
inclination angle is real and the turning angles of the velocity vector
at GAMs are feasible.
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Fig. 7 V1 variation, the simplest one-cycle block.

Table 1 V1 decrease in the sun–Mercury system

Blocks # Position Inclination
angle, deg

V1, km=s Closest approach
distance, km

Arc TOF,
Mercury’s yrs

—— P 4.6 4.7 —— 0
fP�0:5T; 1;��A�8:5T; 17;��Pg

1
A 2.95 3.11 637 0.5
P 3.76 3.87 578 8.5

2
A 1.3 2.55 95 0.5
P 2.66 2.74 418 8.5

1
A 1.95 1.8 9140 0.5
P 2.28 2.35 8130 16.5

2
A 1.39 1.55 8980 0.5
P 1.83 1.88 9050 16.5

3
A 0.24 1.24 4880 0.5
P 1.22 1.25 5560 16.5

fP�0:5T; 1;��A�16:5T; 33;��Pg —— A 1.22 0.83 —— 0.5
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Fig. 8 V1 decrease in the sun–Mercury system.
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To reduce the total time transfer, we allow a small angle between
the LON and the planet’s apsidal line (�LON). Thus we worsen in the
efficiency of J variation for new synchronization options. These stem
from the difference between the durations of the planet motion along
the two halves of its orbit. This doubles the number of synchronism
options compared with that at �LON � 0. Equation (16) achieves the
form

�m � 1�T
2

 T

2�

�
arcsin

������
c

2a

r
�

����������������������
c

a

�
2 � c

a

�s �
� �n � 1�

Tpl
2



Tpl
2�

�
arcsin

���������
c

2apl

r
�

����������������������������
c

apl

�
2 � c

apl

�s �

(30)

where

c�
2ppl

1 � �epl cos �LON�2
(31)

and signs on both sides of Eq. (30) are mutually independent. Many
solutions to Eq. (31) fall within the interval of interest. All two-block
trajectories with TOF shorter than 69Mercurian years, availablewith
free �LON, were computed. Figure 9 shows the solutions supplying
the minimum final V1 at a given TOF. Initial V1 is always the same
as in the previous example but nowV1 is referred to the node located
at �LON.

The itinerary below presents one of the trajectories depicted in
Fig. 9 (gray dot). It requires �LON � 18 deg and yields V1 �
1:13 km=s after eight GAMs and 3.37 Earth years of flight vs
16.6 years in the previous example. SymbolsP andA now denote the
nodes closest to the perihelion and the aphelion, respectively.

3fP�0:5T; 1;��A�2:5T; 5;��Pg
fP�0:5T; 1;��A�4:5T; 9;��Pg

(32)

The transfers could be improved even more by applying small
delta-V maneuvers provided by an onboard propulsion system but
this issue is beyond the scope of this paper.

B. Ballistic Multi-GAM Trajectories in the Jupiter Galilean

Moons System

In this sectionwe present an example of amulti-GAM trajectory in
a resonant system. The Galilean moons of Jupiter, Io, Europa, and
Ganymede are in a 1:2:4 resonance. The trajectory proposed herein is
linked from the trajectories in three two-moon resonant systems: Io–
Europa and Io–Ganymede.

The trajectory starts from Io with V1 somewhat exceeding the
minimum sufficient to reach Europa. The V1 is built up to a value,
which enables a transfer from Io to Ganymede. The objective of the
second phase is reaching Ganymede and synchronization with its
orbital motion by matching the s/c orbital plane with the common
orbital plane of the Jovian moons. The second phase is completed at
themoment of the first encounter withGanymede. At the third phase,
V1 decreases up to the level enabling the Io-to-Callisto transfer, now
in the Io–Ganymede system.

Given starting and destination planets in coplanar circular orbits,
Hohmann’s transfer hasminimumV1 at the starting planet among all
interception trajectories. Hohmann’s Io–Europa trajectory has V1
near Io of 1:9 km=s; V1 of Io–Ganymede trajectory near Io is
3:4 km=s. Initial velocities of multi-GAM trajectories must exceed
these values. Examination of available synchronisms at various �IE
reveals a variety of arcswithV1;I � 2 km=s and a short transfer time
at �IE � 51 deg. The respective initial value of �IG is 114.7 deg. An
example of the first phase trajectory (from Io to Europa) is presented
by the itinerary

fI�4:02; 3;��E�1:29; 1;��Ig; 8fI�9:31; 7;��E�1:27; 1;��Ig
(33)

(times in this and the next itinerary are given in Earth days). Its
duration is 90 days. Figure 10 presents the history of building up the
approach velocities at Io and Europa. Note the variation of stair
heights. The second phase trajectory contains even arcs only, namely
those in resonance 4:7 and 1:2 with Io. The itinerary of the second
phase is given by

fI�12:39; 8;��I�3:54; 2;��Ig (34)

Total TOF of the second phase is 15.9 days. It does not changeV1 at
Io but it does change the modulus of the spacecraft orbital velocity.
Finally the spacecraft arrives at Ganymede. A GAM near it
establishes the synchronism with its orbital motion. The third-phase
trajectory (Io to Callisto) is built from four consequent arcs, the third
repeated thrice and the fourth twice. It is given by the itinerary

fI�2:25; 1;��G�18:9; 9;��I�2:25; 1;��G�31:24; 15;��Ig
3fI�3:54; 4;��Ig; 2fI�14:58; 7;��G�6:57; 3;��Ig

(35)

The transfer takes in total 107.5 days. Figure 11 is analogous to
Fig. 10. The total transfer time for such amission is about 213.3 days.
All flyby altitudes exceed 100 km, therefore the trajectory is a
practical initial approximation to a real mission.
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Fig. 10 Phase 1: V1 buildup in Io–Europa system.
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VI. Conclusions

This paper presents a novel tool for efficiently building long
interplanetary trajectories with multiple GAMs. We use the
asymptotic case of the three-body problem where the mass of a body
used for gravity-assisted maneuver tends to zero known as the
collisional two-body problem. The orbits we use are built from non-
coplanar arcs with angular distances of k�.

A regular method for building much longer multi-GAM
trajectories was proposed. It is based on the repetitive use of identical
subsequences (blocks) of flybys. Block building is a powerful
method for synthesizing very longmulti-GAM transfers in anyE3BP
or N-body resonant systems.

The only consumed resource at gravity-assisted maneuvering is
time. We did not undertake any special effort toward the trajectory
optimization. However the TOF obtained for different types of
missions are obviously feasible. There is a possibility to further
reduce TOF, performing discrete optimization with the aim of
building optimal blocks and combining them into a longmulti-GAM
trajectory. In addition, the flight times attainable with multi-GAM
trajectories can be reduced considerably by small assistance of low-
thrust. These issues will be addressed in future papers.
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Fig. 11 Phase 3: V1 buildup in Io–Ganymede system.

992 PISAREVSKY, KOGAN, AND GUELMAN


